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Preliminaries



Review:Trees
T! 25" isatree " closedunder initial prebx, #.
[T]={X $2 :%[X!n$ TJ}.
Ext(T)={! $T:&X $[T][! ' X]}.
¢:T — Sinduces ! : [T] — [9 if

oc=<T7T= Igb(a) < ¢(r) and
VX € [T]'nlri'm op(X!n)elg .

| is computably continuous and is continuous in the
topology of 2' .



Review: Clopen Sets

(1) = {X:! <X

CC2clopen< C= . 1().
Can assume|! ;| is constart.

Defn: C good for P & PNC ¥ ) and P NC°¢ # 0.




Background

P isall? class! P = [P] for P a computable tree.

We are concened only with T " 2< and inpnite. Thus
P" 2 and non-enpty.

Tp = EXt(P) for some P with P = [P].
P#, Q! $P:Q% P.

# »s Inducesa distributiv e lattice of degrees O Is the least
element and P & 0! $X & P[X computable]. 1 is the

greates element.



Non-Branching



Non-Branching

As cornvention a degree is said to have property X If It
contains a member with property X.

It Is known that homogeneousdegree are non-branaiing
(see [1]). In the next part of this talk | will cover two ad-
ditional properties which guarantee non-branching. The
weaked Is inseparable which says that a class can not be
split into two iIncomparable clopen subclases |nsepara-
bility Is equivalent to non-branching. The next stronges
IS hyperinseparable which says that any clopen subclassis
equivalent to the original class. Theseproperties relate as
follows:

Homogeneoud Hyperinseparable! Inseparable= Non-Branching



Inseparable Classes

Defn: P iIsinseparable ! " (' good for P
P#CSy PH#Cor P#C %y P# C°.

Thm [A]: P & ainseparable! " & a[@) inseparable]

Cor : a inseparable i non-branching.



Proof of Theorem

FIX P Inseparableand Q! y» P. Let! : Q" P," :P"
Q be computably continuous functionals. Let C be any
clopen s good for Q.

!(9)!0 / // v (\\ \!!T(Q" C)

Q P

As C wasarbitrary, Q Is insearable. !
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Hyperinseparable

Defn . P hyperinseparable < VC good
forP,PNC =, PNC-.

Hyperinseparalde = inseparable < non-branching.
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Existence?

Easy: 0 does not branch.
Trivi al: 1 does not branch.
Both 0 and 1 are homayen®us

Cenzer and Hinman: Homogeneous ! non-branching and
if a < b with a and b homogeneous then " ¢ homogeneous

such that a< ¢ < b.
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Homogeneous Classes

T 1s homogeaneous If It looks the same at
every level, I.e.,

|

T =] #
[('! “0" T$ "~0" T) and
¢! "1"T$ "1t ).

P homogeneouss Tp homogeneous.

Defn: For A,B! w, S(A,B) =
{C:A! C! w\B}.

A,Bce" S(AB)isa! 9 clas
and homogaeous.
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Why are they inseparable?

Defn: ! splice™,! /", I1s! with initial
" | valuesreplaced by " <
WA
/ Lemma : T hom.! "1 " # T
' "/ # TJ.
Pro of : Induction on |"].

Lemma: P homogeneoud P hyperinseparable.

Proof: Fix C good for P and ¢ " Tp with I (c) # C.
Then 7 $%r/ o withesesP & C ' v P & C® Symmetric
forP&C(py P &CE.
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Inseparable and Non-Hyperinseparal

Want degreewith insgarable menmber and no hyperinsep-
arable member. Thisis not as easy aswe might hope.

Lemma : If a < 1, then there exists P | a which Is not
hyperinseparable.

Proof: Fix P! aand Q >y P. Then
P" Q! aandis not hyperinseparable.
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Inseparable and Non-Hyperinsepara

We arelooking for acharacteristiof all membersf ar
iInseparabl@andnon-hyperinseparabldegree.

Lemma: If ais hyperinseparablehenfor every P!
a thereexists a subclasQ " P with Q#y P andQ
hyperinseparable.

Lemma: LetP bea! ?classandQ" P asubclassvith
Q#wm P. If Cisary clopensetgoodfor P andQ suct
thatQ$ C#py QS CE, thenPSC#\ P$ CE.

While this 1s all rather technical, we can put 1t together
to arrive at:

Corollary: Let P be a IT] class. If for all clopen C good
for P, PNC <y PNC*or PNC>) PNCE, then deg(P)
1s inseparable and non-hyperinseparable.
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Final Result

Thm [A]: For any degree a > O there exists a degreeb
sudh that a > b > 0 and b Is inseparalde and not hyperin-
segparable (and thus non-branching and not homogeeous).

Remark : It is known that the homogeneous degree are
not dense (seel3]).
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Hyperinseparable and Non-Homogeneou

Debniti on: For P, n Is a duplication level v v v
' "o, r,uv# P ul(c!'n) = o/ (7!In).

7

Lemma . An inPnite number of duplication levels $ hy-
perinseparable.

Pro of : For any good C choosea sul ciently high duplica-
tion level and use a splice operation.
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Hyperinseparable and Non-Homogene

In homogeneouglassesevery level i1s a duplicatior
level. The idea behind creatinga hyperinseparab
and non-nomogeneousegree is to keep an inPnite
numberof duplicationlevels but carefully spreadhen
out in a non-computble fashionto avoid the sort of
effectivenesave seein thehomogeneousase.

To do this we use a Pnite injury constructionanc
keep very careful control of both T and EXxt(T).
Unfortunatelythe detailsarevery technical.

Theorem [A]: Thereexists a degreewhich is hyperin-
separabl@andnothomogeneous.
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Branching



Branching Degrees

We now turn our attention to the corversenotion, brana-
iIng. From the previous work we can debPre sefarable asthe
converse of inseparable and know that it Is also an invari-
ant of a degree We will debre hypersemmrable in a manner
similar to hyperinseparalde. As with homogeneousthere
IS a previously explored conditi on stronger than hypersep-
arable. We call it totally separable Finally, we pursue the
same program and work to separatethesetypesof degrees

Branc hing = Separable! Hyp er Separable! Totally Separable
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Branching: Separable

Defn: P isse@mrable! "C goodforP P#C $y P #C°.
The following is immediate from a previous theorem.
Cor: P %a separable! &Q %a Q separable.

Cor : a searablei! branching.

Existence Is easy, take any two distinct degrees and med
them.
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Branching: Hyper Separable

Defn : P Is hypersemrableif ! C good for P,
P" C#,,P" C°-.

Hyperseparable = separable < branching.

22



Totally Separable

Defn: A class P is totally separable if for all X,Y € P

Thm [Jockusch-Soare, 4]: There exists a totally sepa-
rable class.

Pro of Sketch: Priority argument. Roughly, if ! € P and
"e(! ) is incomparable with ! then kill " ¢(! ).

23



Separable and not Hypersepara

Thm [A]: If Q and R are hyperinseparablewith Q! y R
then deg(Q " R) Is segarable and not hyperseparable.

Pro of:
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Separable and not Hyperseparal

Lemma [Binns] : A c.e, thereexistsc.e. A°, A* such that
AC1 Al=" A0z AL= A $i%2%f %P[A! & f].

Cor: For any b,c > 0 with b homogeneoushere exists
b°, b', and a sudh that

a=b’! b, ‘

a sg. and not hsqo
bo,bl,a"#c,
b°$ bl # b.
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Hyperseparable and nbotally Separable

Thm [A]: If P istotally separableand P! yy Q

then thereexistsR" Q with R! v Q and R totally
separable.

Pro of sketch: Fix! :P# Qand" :Q# P,
et R="!(P),andshowthat ! :P # R and
" R # P are bijections.
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Hyperseparable and nbotally Separable

Thm [A]: If @ Is hyperseparalde and not totall y
segparable then deg(()) Is hypersgarable and not
totall y separale.

Pro of sketch: Assumedeg((Q) Is totally separable
Fix R asin previous theorem. Fix C' sudh that

R! Q" C# Q. Showthat Q" C%uy Q" C°,
contradicting hyperseparabllity.
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Hyperseparable and nbotally Separable

Thm [A]: There exists a degreewnhich is hypersegyarable
and not totally separabile.

Proof Sketch: Priority arguments with two types of
requiremerns:

Rc, :CgoodforP! "X #P $ C[®(X) %P $ C,
S:"X,Y#P"Z#2[X =0 ZandY =1' Z].
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Epillogue



Big Questions

Question: 'a"1 > b > alcl[c # bandc$ b = a]?
"a brandiing?

Question: Are non-brananing degreesdense

Question: Can we do anything similar in the Muchnik
lattl ce?
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Little Questions

Question: Can we further rebPne the hierarchies? For ex-
ample,say P is! if 1C good forP,P" C <y P" C°or
P" C>y P" C® Isthis equivalent to insgarable and
not hyperinseparadde? Maybe. Doesthere exists a hyper-
Inseparable classwhich does not have an inbPnite humber
of duplication levels? Probably and likely easier.

Question: Can we say more about hyperinseparable and
not homogeneous.For example,#P,Q [P $ Q and P, Q
hyperinseparable and not homogeneous|7?Probably.

Question: Can we combine thinness with any of these
constructions?
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