
Christopher Alfeld - alfeld@math.wisc.edu
April 30th, 2007
Ph.D. Defense

University of Wisconsin-Madison

http://www.math.wisc.edu/~alfeld/defense.pdf

Special thanks to my advisor Steffen Lempp and my 
Ph.D. committee.

To B r anch or Not To Branc h:
Branc hing and Non- Br anchi ng

in the Medv edev Latti ce of ! 0
1 Classes

mailto:alfeld@math.wisc.edu
mailto:alfeld@math.wisc.edu
http://www.math.wisc.edu/~alfeld/nb_slides.pdf
http://www.math.wisc.edu/~alfeld/nb_slides.pdf


Preliminaries



Review: Trees
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T ! 2< ! is a tree " closed under initial preÞx, # .

[T] = { X $ 2! : %n[X ! n $ T]} .

Ext( T) = { ! $ T : &X $ [T][! ' X ]} .

φ : T → S induces ! : [T]→ [S] if

σ " τ ⇒ φ(σ) " φ(τ) and

∀X ∈ [T]
!

lim
n!"

φ(X ! n) ∈ [S]
"
.

! is computably continuous and is continuous in the
topology of 2! .



Review: Clopen Sets
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C CCc Cc

P! C P! Cc

I (! ) = {X : ! ≺ X }.

C ⊆ 2ω clopen ⇔ C =
!

i I (! i ).
Can assume |! i | is constant.

Defn : C good for P ⇔ P ∩ C %= ∅ and P ∩ Cc %= ∅.



Background
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P is a Π0
1 class ! P = [P] for P a computable tree.

We are concerned only with T " 2<! and inÞnite. Thus
P " 2! and non-empty.

TP = Ext( P) for some P with P = [P].

P # M Q ! $Φ : Q % P.

# M inducesa distri butiv e lattice of degrees. 0 is the least
element and P & 0 ! $X & P[X computable]. 1 is the
greatest element.



Non-Branching



Non-Branching
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Homogeneous! Hyperinseparable! Inseparable= Non-Branching

As convention a degree is said to have property X if it
contains a member with property X.

It is known that homogeneousdegrees are non-branching
(see [1]). In the next part of th is talk I will cover two ad-
ditional properties which guarantee non-branching. The
weakest is inseparable which says that a class can not be
split into two incomparable clopen subclasses. Insepara-
bilit y is equivalent to non-branching. The next str ongest
is hyperinseparable which says that any clopen subclass is
equivalent to the original class. Theseproperties relate as
follows:



Inseparable Classes
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P! C P! Cc! MDefn : P is inseparable ! " C good for P
P # C $ M P # Cc or P # C %M P # Cc.

Thm [A] : P & a inseparable ! " Q & a[Q inseparable].

Cor : a inseparable i! non-branching.



Proof of Theorem
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Q P

Q! C ! ! 1(Q" C)
! (" ) ψ

!
!

!

!

Fix P inseparable and Q ! M P. Let ! : Q " P, " : P "
Q be computably conti nuous functionals. Let C be any
clopen set good for Q.

As C was arbitrar y, Q is inseparable. !



Hyperinseparable
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P! C P! Cc

! M
Defn : P hyperinseparable ⇔ ∀C good
for P, P ∩ C ≡M P ∩ Cc.

Hyperinseparable ⇒ inseparable⇔ non-branching.



Existence?
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Easy: 0 does not branch.

Trivi al: 1 does not branch.

Both 0 and 1 are homogeneous.

Cenzer and Hinman: Homogeneous ! non-branching and
if a < b with a and b homogeneous then " c homogeneous
such that a < c < b.



Homogeneous Classes
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A

B
C

T is homogeneous if it looks the same at
every level, i.e.,

! ! , " " T
!
|! | = |" | #

[(! ! 0 " T $ " ! 0 " T) and

(! ! 1 " T $ " ! 1 " T)]
"
.

P homogeneous$ TP homogeneous.

Defn: For A, B ! ω, S(A, B ) =
{ C : A ! C ! ω \ B } .

A, B c.e. " S(A, B ) is a ! 0
1 class

and homogeneous.



Why are they inseparable?
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! ! ! / "
! / " !

!

Defn : ! splice " , ! / " , is ! with initial
|" | valuesreplaced by " .

Lemma : T hom. ! " ! , " # T
[" / ! # T].

Pro of : Induction on |" |.

Lemma: P homogeneous! P hyperinseparable.

Pro of : Fix C good for P and σ " TP with I (σ) # C.
Then τ $%τ / σ witn esses P & C ' M P & Cc. Symmetric
for P & C ( M P & Cc.



Inseparable and Non-Hyperinseparable
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P Q<M

Want degreewith inseparable member and no hyperinsep-
arable member. Thi s is not as easy as we might hope.

Lemma : If a < 1, then there exists P ! a which is not
hyperinseparable.

Pro of : Fix P ! a and Q > M P. Then
P " Q ! a and is not hyperinseparable.



Inseparable and Non-Hyperinseparable
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Wearelookingfor acharacteristicof all membersof an
inseparableandnon-hyperinseparabledegree.

Lemma: If a is hyperinseparable,then for every P !
a thereexists a subclassQ " P with Q # M P and Q
hyperinseparable.

Lemma: Let P bea! 0
1 classandQ " P asubclasswith

Q # M P. If C is any clopensetgoodfor P andQ such
thatQ$ C # M Q$ Cc, thenP$ C # M P$ Cc.

While this is all rather technical, we can put it together
to arrive at:
Corollary : Let P be a Π0

1 class. If for all clopen C good
for P, P∩C < M P∩Cc or P∩C > M P∩Cc, then deg(P)
is inseparable and non-hyperinseparable.



Final Result
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Thm [A] : For any degree a > 0 there exists a degreeb
such that a > b > 0 and b is inseparable and not hyperin-
separable (and thus non-branching and not homogeneous).

R emark : It is known that the homogeneous degrees are
not dense (see[3]).



Hyperinseparable and Non-Homogeneous
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DeÞniti on: For P, n is a duplication level
! " σ, τ, υ # P υ/ (σ ! n) = υ/ (τ ! n).

Lemma : An inÞnite number of duplication levels $ hy-
perinseparable.

Pro of : For any good C choosea su! ciently high duplica-
tion level and use a splice operation.



Hyperinseparable and Non-Homogeneous

18

In homogeneousclassesevery level is a duplication
level. The idea behind creating a hyperinseparable
and non-homogeneousdegree is to keep an inÞnite
numberof duplicationlevelsbut carefullyspreadthem
out in a non-computable fashionto avoid the sort of
effectivenessweseein thehomogeneouscase.

To do this we use a Þnite injury constructionand
keep very careful control of both T and Ext(T).
Unfortunatelythedetailsarevery technical.

Theorem [A] : Thereexistsa degreewhich is hyperin-
separableandnothomogeneous.



Branching



Branching Degrees
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We now turn our attention to the conversenotion, branch-
ing. From the previous work we can deÞne separable asthe
converse of inseparable and know that it is also an invari-
ant of a degree. We will deÞne hyperseparable in a manner
similar to hyperinseparable. As with homogeneous,there
is a previously explored conditi on stronger than hypersep-
arable. We call it totally separable. Finally, we pursue the
same program and work to separatethesetypesof degrees.

Branc hing = Separ able ! Hyp er Separ abl e ! Total ly Separable



Branching: Separable
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Defn : P is separable ! " C good for P P # C $ M P # Cc.

The following is immediate from a previous theorem.

Cor : P %a separable ! &Q %a Q separable.

Cor : a separable i! branching.

Existence is easy, take any two disti nct degrees and meet
them.



Branching: Hyper Separable
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Hyperseparable ⇒ separable ⇔ branching.

Defn : P is hyperseparable if ! C good for P,
P " C # M P " Cc.



Totally Separable
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Defn : A class P is totally separable if for all X , Y ∈ P
X "= Y ⇒ X ⊥T Y .

Thm [Jo ckusch-Soare, 4]: There exists a totally sepa-
rable class.

Pro of Sketch: Priority argument. Roughly, if ! ∈ P and
" e(! ) is incomparable with ! then kill " e(! ).



S

! (C) C C

Q R

Separable and not Hyperseparable
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Thm [A ]: If Q and R are hyperinseparable with Q ! M R
then deg(Q " R) is separable and not hyperseparable.

Pro of :

!
Ψ

!
! (" )

! (" )
! (" (#))



Separable and not Hyperseparable
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Lemma [Binns] : A c.e., there existsc.e. A0, A1 such that
A0 ! A1 = " , A0 # A1 = A, $i %2$f %P[Ai &'T f ].

Cor : For any b, c > 0 with b homogeneousthere exists
b0, b1, and a such that

a = b0 ! b1,

a sep. and not h-sep.,

b0, b1, a "#c,

b0 $ b1 # b.
a

b

b0b1

c



Hyperseparable and not Totally Separable
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Thm [A] : If P is totally separable and P ! M Q
then there exists R " Q with R ! M Q and R totall y
separable.

Pro of sketch: Fix ! : P # Q and " : Q # P,
let R = ! (P), and show that ! : P # R and
" : R # P are bij ections.
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Hyperseparable and not Totally Separable

Thm [A] : If Q is hyperseparable and not totall y
separable then deg(Q) is hyperseparable and not
totall y separable.

Pro of sketch: Assumedeg(Q) is total ly separable.
Fix R as in previous theorem. Fix C such that
R ! Q " C # Q. Show that Q " C $ M Q " Cc,
contrad ict ing hyperseparabilit y.
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Hyperseparable and not Totally Separable

Thm [A]: There exists a degreewhich is hyperseparable
and not totally separable.

Proof Sketch: Priorit y arguments with two types of
requirements:

RC,! : C good for P ! " X # P $ C[Φ(X ) %#P $ Cc],

S : " X , Y # P" Z # 2" [X = 0! Z and Y = 1! Z ].



Epilogue



Big Questions
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Quest ion : ! a" 1 > b > a! c[c # b and c $ b = a]?
" a branching?

Quest ion : Are non-branching degreesdense?

Quest ion : Can we do anythin g simil ar in the Muchnik
latti ce?



Little Questions
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Quest ion : Can we further reÞne the hierarchies? For ex-
ample, say P is ! if ! C good for P, P " C < M P " Cc or
P " C > M P " Cc. Is th is equivalent to inseparable and
not hyperinseparable? Maybe. Does there exists a hyper-
inseparable classwhich does not have an inÞnite number
of duplication levels? Probably and likely easier.

Quest ion : Can we say more about hyperinseparable and
not homogeneous.For example,#P, Q [P $ M Q and P, Q
hyperinseparable and not homogeneous]?Probably.

Quest ion : Can we combine th inness wit h any of these
constructions?
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